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ALGORITHMS FOR ESTIMATING OPTIMUM DIMENSIONALITY OF AN APPROXIMATE
SOLUTION OF THE CONVERSE THERMAL CONDUCTIVITY PROBLEM

Yu. E. Voskoboinikov’ UDC 536.24

Algorithms are presented for calculating the optimum dimensionality of an approx-
imate solution, using various a priori data on the uncertainty to which the right
side of the operator equation is specified.

Formulation of the Problem. Many converse thermal conductivity problems reduce to solu-
tion of a type I operator equation [1]

Ko=T1, a

where @{x}) , £{y) are functions of the spaces ¢, F; K is a completely continuous operator the
null space of which is empty. The right side of f(y) is specified by measurements at a dis-
crete set {y;} of values f,=f(y) +§& »1=1, 2, ..., n, where £; is the random uncertainty
(measurement noise) at the point yj. It is necessary that we construct a solution of inte-
gral equation (1) from the initial data, {K, fb Far oves rn} As is well known, such a problem
is incorrectly formulated [2}, and various stable methods are used for its solution.

In a number of methods, for the approximate solution of Eq. (1) the element ox{x) of a
finite dimensional space ¢y of dimensionality N is used [3]. The base functions of such a
space may be either eigenfunctions of the operator K, or a set of some functions with good
approximation properties. With such a construction of the approximate solution, the dimen-
sionality N plays the role of a unique regularization parameter and determines the accuracy
of the solution constructed.. Choice of "suitable' dimensionality depends on both the level
of uncertainty in the measurements, and the differential properties of the unknown solutiom.
Wlth reduced dimensionality the solution @N(x) will not contain the "finestructure" of the
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function @(x) , while with elevated dimensionality oscillations appear in @n(X) , caused by
"swinging" in the measurement noise of the right side. Therefore, the problem develops of
estimating the optimum (in accordance with some chosen criterion) dimensionality of the
finite-dimensional space, the element of which defines the approximate sclution of Egq. (1).

Below we will bresent seven algorithms which permit estimating the optimum dimensional-
ity Nopg. For the optimization criterion, we will use the mean-square uncertainty of the
right side approximation, defined by the function

) = M[3 G )Ty @],
i=1 )

where M[+] is the mathematical expectancy operator: fy(y) is the right side of Eq. (1) cor-
responding to the solution gqn(x).

It is obvious that the spaces @y must be ordered on some scale. We will introduce the
discrepancy function

P(}‘s fy) = 2 wi(fi"’ Fa () (2)
=1

where wi > 0 are weight factors. We denote by my the lower boundary of this function, i.e.,
my = inf Pﬁi Kg¢) - We will say that the spaces ¢y are ordered if the following chain of
ee®y .

inequalities is satisfied:

me>mN2>mNa>'-->in§)p(7°,‘[((p)’ for Ny<<Ny<<Ng<<+-- (3)
e

Before presenting the algorithm for evaluation of Nopt’ we will consgider the construction of
the solution g@wn(x) for a specified dimensionality N.

Construction of a Solution in the Space &y. With on loss of generality, we choose as
the element ¢un(x) the linear combination

N
Py (JC) = 2 Clij (x)!
i=l1 o

where Bj(x) are base functions of the space dy. We find the vector of the coefficients a =
==|a, a%.“,aN[from the condition of a minimum in the discrepancy function (2). We note that
minimization of Eq. (2) permits calculation of estimates for the vector a, which are robust
in the class of measurement noise distributions with finite dispersion [4]. TFor other class-—
es of distributions it is necessary to specify other discrepancy functioms.

It can be shown that the vector a* which minimizes Eg. (2) can be defined from the sys—
tem of normal equations

B"WBa = B"Wi, ’ %)

where f::lﬁ,fm ..., fal" 1is the vector of the right side measured values; T is the transporta-
tion symbol; B is a matrix of dimensions n x N with elements {B};;= ¥;(y;) . The function
Wj(y) is an image of the function B;(x), i.e., ¥; = KB;. The diagonal matrix W is defined

by the expression W=diag{w;, wy, ..., w,}.. Since the matrix of system (4) is positively de-
fined, then for any vector f there exists a unique coefficient vector a*, which uniquely de-
fines the approximate solution of Eq. (1) in the space oy

Algorithms for Estimating Optimum Dimensionality. We will note that direct minimiza-
tion of the function A*(N) requires knowledge of the exact right side (or exact solution) of
Eq. (1). Such information is as a rule unavailable. We do_have the discrepancy vector e (N),
the projections of which are defined by expression ej(N) =f; — fy(vy), i =1, ..., n. In a
number of cases we also have & priori information on the correlation matrix V; of the random
measurement noise vector §==§1,§%.n,§nP . Therefore we will present below seven algorithms
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for estimating the optimum dimensionality which rely only on available information. It will
be assumed that the measurement noise has a zero mean and is not correlated at adjacent mea-—
surement points, i.e., Ve=diag{o?, 6}, ..., 62 }, | where ciz is the noise dispersion at point yj.
Due to the limited size of the study only final results will be presented with appropriate
citations to the literature.

Algorithm V. This is a statistical generalization of the discrepancy principle, widely
used to select the regularization parameter [5]. We assume that the dispersions o}, o3, ...,
oq are given and introduce the quadratic form

V(N) =e" (V) VyTe(N) = 2 e} (N)/o7 .
i=1

for Nypt we take the smallest value of N (denoted by Ny) for which
V(N) E @n—N (ﬁ) x {ﬂn—N ([3/2), 'ﬂ‘n—N (1 e (5/2)]

The boundary points Un-n(/2), d_n(1 —P/2) of the interval ©.—n(B)_ are a quantile of a x*-
distribution with n — N degrees of freedom for levels B/2, 1 — B/2, respectively. We recom-
mend that B be taken as 0.05.

Algorithm W. This is based on the criterion of optimal approximation of experimental
information of |6]. We assume that the dispersions 012, i=1, 2, ..., n, are specified and
introduce the bilinear expression:

W) = FVEle™) = S (Vo2
i=1

For Nopt we take the smallest value of N (denoted by Ny) for which W(N)GO-~(B).

Algorithm C. We assume that the measurements of the right side are equally accurate,
i.e., 0 =0 =-'-=02 =0 and use the statistics of [7]:

C{N)= i e? (N)/o®+ 2N —n.

it
For Nopt we take the largest value of N (denoted by Ne) satisfying the condition C(N)<<N.

We will note that the above algorithms require specification of the measurement noise
dispersion. When the dispersions are specified inaccurately the dimensionality values ob-
tained may differ significantly from values calculated with accurately specified dispersions.
This is a definite shortcoming of algorithms V, W, and C. Therefore, it is desirable to con~
sider algorithms which do not require specification of the noise dispersion.

Algorithm F. We assume that the measurements of the right side are equally accurate
and define the statistics [8]:

n n

F(N) = (2 dW—1)— ¥ e (N)) / (ﬁ e2 (N)/(n——N)) .

i=1{ == ] =1

For the optimum dimensionality we take the smallest value of N (denoted by Ny) satisfying the
inequalities: F(N)>Fg(l, n—N), FIN+1)<Fg(l, n—N—1) | where Fg(l, n —N) is a quantile
of level B (B = 0.9-0.95) of a Fisher distribution ¥ (1, n — N) with degrees of freedom 1,

n — N.

Algorithm A. This is based on an information criterion used for identification of dy-
namic systems [9]. We introduce the function

A —nin (-L_E ef(N)) +2N.

f=1

For Nopt we choose the value of Np which minimizes this function.
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Algorithm U. This technique realizes the cross-validation method of [6, 10]. For the
optimum dimensionality we take the value of Ny which minimizes the function

I n
UN) == — % 2 (NVI1 — NinP2
) ~ équ(axqz Ninp.

Algorithm R. This is based on ordered minimization of empirical risk [4]. For Nopt we
choose the value of NR which minimizes the function ’

13 NanmN+D¥Jnnyu}
RN =—N e/ |1 — ,
R() nge(/[ ( ‘ )

n

where
2, 220

n = 0,02 — 0,05,
o0, 2<C0,

[ = {

We will note a characteristic feature of these last three algorithms. The values of the

"

2 e (N)/n)

minimizing functions are determined by two quaniities. The first (of the form
: ; ie=1

decreases with increase in N, while the second (the term 2N or the dividend in U(N), R(N)),
which reflects the "complexity" of the solution constructed, increases. Determining a com-
promise between the values of these two quantities is the basis of the last three algorithms.

Evaluation of Numerical Experiment Results. To study the properties of the optimum di-
mensionality estimates obtained by the algorithms presented above, a numerical experiment was
performed (described in [11]) to construct a solution of a type I Fredholm integral equation.
Cubic B-splines [11] were used as base functions. Statistical modeling for various noise
levels was used to find Nopt and error values A*(N) for various estimates of Nopt~ The vol-
ume of samples taken was 50.

Analysis of these results revealed that for known dispersions of measurement noise al-
gorithm W evaluates Nopt with satisfactory accuracy. Algorithms V and C, as a rule, give
lowered dimensionality values, corresponding to an "oversmoothed'" solution. If the noise
dispersion is not known, then for values of N, t/n < 0.3 it is desirable to use algorithm U
for calculating Nop¢, while for values Nopt/n = 0.3 algorithm R is suitable. TIt-should be
noted that in case of correlated measurement noige (the correlation coefficient at adjacent
points being set equal to 0.2) algorithm U leads to elevated dimensionality values and insuf-
ficient smoothing of measurement noise.

NOTATION

{r) , unknown solution of the operator equation; f(y), exact right-hand side of equa-
tion; £y, measured values of right-hand side; N, dimensionality of finite-dimensional space
®x; @nix) , approximate solution of integral equation of dimensionality N; fN(y), right-hand
side of equation corresponding to o~(x) ; Bj(x), base functions; &4, measurement noise; Vg,
measurement noise correlation function; ciz, measurement noise dispersion; e;(N), discrepancy
of i-th measurement; e(N),®.-~(B/2) iscrepancy vector; e(n), quantile of y*-distribution with
n — N degrees of freedom of level B/2; FB(l, n — N), quantile of Fisher distribution of level
B with degrees of freedom 1, n — Nj; V(N), W(N), C(N), F(N), A(N), U(N), R(N) , functionalsused to find
optimum dimensionality estimates; Nopt» optimum dimensionality.
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NUMERFCAL SOLUTION OF THE INVERSE PROBLEM OF HEAT CONDUCTION
BY USING REGULARIZED DIFFERENCE SCHEMES

P. N. Vabishchevich UDC 519,63

The stability of difference schemes is investigated for the approximate solution
of a multidimensional incorrect heat-conduction problem with inverse time.

Among the inverse problems of heat transfer [1], the problem with inverse time for the
heat-conduction equation that belongs to the A. N. Tikhonov conditionally correct class at-
tracts a great deal of attention. The general approach to the solution of unstable problems
is formulated in [2] on the basis of the method of regularization. The method of quasiinver-
sion [3] which consists in perturbing the initial equation has received wide propagation for
differential equations. Of the later modifications of this method we note that described in
[4] where a "pseudoparabolic" perturbation of the original equation as well as a "hyperbolic"
modification are examined [1]. The stability of appropriate difference schemes of the quasi-
inversion method is investigated in [5, 6].

Regularization of difference schemes is achieved in this paper by selecting a negative
weight in the usual scheme with weights [7]. Economical difference schemes analogous to the
locally one-dimensional schemes [7] in solving the direct heat conduction problem, are pro-
posed in the multidimensional case. General results of the A. A. Samarskii [8] theory of
stability of difference schemes are used in investigating the stability.

FORMULATION OF THE PROBLEM

Let § denote a n-dimensionalparallelepiped: 0 = {Xix = (x5, Xy -..» %a); 0<xp<<lp, k=
1, 2, ..., n}l.

For x€Q let us determine the uniform elliptical operator L:

L jél,u 4& 9 a, (%) Ou
U = = r AL
g 2= 0% 0y,
with sufficiently smooth coefficients o, (x) >q,>0, k=1, 2, ..., 2 . The function u(x, t)
satisfies the heat—conduction equation with inverse time
ou
7+Lu=0’ XEQ, tES:(O7 T)y T>05 (1)
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